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Abstract— Equipped with four actuators, quadrotor Un-
manned Aerial Vehicles belong to the family of underactuated
systems. The lateral motion of such platforms is strongly
coupled with their orientation and consequently it is not possible
to track an arbitrary 6D trajectory in space. In this paper, we
propose a novel quadrotor design in which the tilt angles of
the propellers with respect to the quadrotor body are being
simultaneously controlled with two additional actuators by
employing the parallelogram principle. Since the velocity of the
controlled tilt angles of the propellers does not appear directly
in the derived dynamic model, the system cannot be static
feedback linearized. Nevertheless, the system is linearizable
at a higher differential order, leading to a dynamic feedback
linearization controller. Simulations confirm the theoretical
findings, highlighting the improved motion capabilities with
respect to standard quadrotors.

I. INTRODUCTION

Multirotor Unmanned Aerial Vehicles (UAVs), being not
constrained by ground conditions, can operate on places that
are out of reach for other classical mobile robots. They
offer high maneuverability, vertical take-off and landing,
hovering mode, and other features that make it a popular
platform for many robotic applications such as inspection,
exploration, surveillance, data collection, and recently also
aerial manipulation (see [1] and references therein).

One of the limitations of quadrotors (and other multirotors
with coplanar propellers) is their intrinsic underactuation.
A change in position or disturbance counteraction of such
an UAV involves a change in its orientation. Although this
may not impose any significant restraint in open-air flights, it
might be crucial when the precision of control matters or in
presence of external disturbances, e.g., an abrupt or unwanted
change in orientation might involve the need of incommodi-
ous rectification of directional sensor measurements. For
instance, stabilization of the visual feedback from a vehicle
is an important factor affecting performance in teleoperation
tasks, especially in obstacle rich environments (see for ex-
ample [2] and [3]). In physical interaction involving either
a direct contact [4] or additional robotic arms attached to
the multirotor body [5], the lack of controllability over some
degrees of freedom (DOFs) can significantly complicate the
control task, e.g., by requiring higher order differentiation
of the system model, hence measurements of higher order
derivatives of the system state.
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Fig. 1. Top: conceptual CAD model of the proposed platform; bottom: the
tilting mechanism in detail; in green, the two additional actuators; in gray,
the joints of the platform; the red arm indicates the forward direction.

One of the common solutions, mostly in aerial photog-
raphy, is the use of additional stabilization devices (e.g.,
camera gimbals [6]) that decouple the sensor rotation from
the orientation of the platform. Another approach, for which
we propose a novel concept in this paper, is to expand
the controllability by additional actuated DOFs. Different
concepts can be found in literature. One common approach
is the employment of fixed tilted propellers [7], [8], which
however, requires constant counterbalance and energy dis-
sipation of extra forces and torques. For this reason, the
values of the tilt angles are usually optimized for certain
range of trajectories. Another approach is to add auxiliary
propellers [9] or a wing/rotor tilting mechanism [10], [11],
[12]. Platforms equipped with additional actuators share
some drawbacks, e.g., loss of efficiency from the increased
weight, and higher power consumption.

Inspired by the latter research, in this paper we propose
a novel platform with two additional actuators that allow to
simultaneously change the orientation of all propellers. In
Fig. 1, we show a conceptual 3D design of the platform
and its kinematic diagram in Fig. 2. The main novelty, and
in our opinion the most interesting property of this design,
is that it allows to control 6 DOFs with six input, thus it
does not require optimization due to redundant control inputs
nor suffers it from energy dissipation due to counteracting
actuators.
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Fig. 2. Kinematic diagram of the platform.

The rest of this paper is organized as follows. In Sec.
II we describe the proposed mechanism and we derive the
dynamical model of the fully actuated quadrotor. In Sec. III
we derive the equations for the dynamic feedback lineariza-
tion and we propose a controller for the platform. Section
IV presents simulation results which highlight the improved
motion capabilities with respect to a standard quadrotor and
Section V concludes the paper.

II. PLATFORM DESCRIPTION

In order to control a classical quadrotor to perform a
motion along a given trajectory, the accumulated thrust of the
four propellers must be directed towards the desired direction
while simultaneously counteracting the gravity force and
other external disturbances [1]. Although the rotation of the
platform can be induced with the resulting torque, only the
angle around the vertical axis (usually Z) can be controlled
independently whilst the other two are used to orient the
thrust as stated above.

In order to decouple the lateral motion from the tilt angles
of the platform and thus regain the control over the two
missing degrees of freedom, we have designed a model with
a propeller tilting mechanism that can change the orientation
of the produced thrust. This tilting mechanism, depicted in
Figs. 1 and 2, is made of a 2-DOFs actuated joint, a central
link, and the bottom structure (the four bottom arms in the
figures) that transfers the motion to the motor links. The
central link, bottom structure, platform’s arms and motor
links form four parallelograms coupled with the central link
allowing the simultaneous tilt of all the propellers.

In the derivation process of the dynamic model of our
platform, presented later in this Section, we assume that the
motion of the bottom structure is negligible with respect to
the dynamics of the UAV. This assumption is motivated by
the fact that the broad majority of the system’s components
(e.g.: battery, computational unit, etc.), hence the mass, can
be located around the center of the upper structure. With the
design presented in Fig. 1, the tilting angles are limited to the
interval [−π6 ,

π
6 ]. The effect of this constraint will be further

discussed in Section IV.
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Fig. 3. Simplified diagram of the platform with depicted coordinate frames:
W in black, B in green, M in red and P i, i = 1, . . . , 4 in blue.

A. Notation and Definitions
We represent the relevant quantities in the following

reference frames, depicted in Fig. 3: a global inertial frame of
reference W : {OW , XW , YW , ZW }; a moving body frame
B : {OB , XB , YB , ZB} attached to the quadrotor at its cen-
ter of mass, ideally the middle point between the propellers;
the tilting mechanism frame M : {OM , XM , YM , ZM} with
OM ≡ OB ; and a set of four frames attached to the centers
of propellers P i : {OPi

, XPi
, YPi

, ZPi
}, i = 1 . . . 4.

To represent the relative pose of two arbitrary frames,
e.g., A in B, we will use the classical rotation matrix
notation BRA ∈ SO(3) for orientation, and consequently,
BpA = BOA ∈ R3 for position. Therefore, we define the
platform position and orientation in the global frame W as
p = WpB = (px py pz)

T and

RB = WRB = Rz(
WψB)Ry(W θB)Rx(WφB),

respectively, where WφB = φB , W θB = θB , WψB = ψB
denote the roll, pitch and yaw rotation angles of the platform,
and Rx(·), Ry(·), Rz(·), the canonical rotation matrices
representing the elemental rotations around the X , Y and
Z axes.

In a classical quadrotor the thrust is directed along the
vertical axis ZB of the body frame. In our design, by
reorienting the propellers with the tilting mechanism, the
force can be applied independently of the body rotation along
the new direction ZM defined such that

BRM = Ry(θm)Rx(φm).

where BφM = φm and BθM = θm are the roll and pitch
angles of the tilting mechanism. As a result of the coupled
four parallelograms that link the tilting mechanism with the
motor links, the orientation of each i-th propeller BRPi is
identical and equal to the orientation of the tilting mechanism

BRPi
= BRM , i = 1 . . . 4,

and their positions are defined as

OPi = BOPi = Rz ((i− 1)π/2)

d0
0

 , i = 1 . . . 4,

(1)
with d being the arm length - the distance from the centers
of the propellers to the center of mass of the UAV.



Fm =

 kfcφmsθm kfcφmsθm kfcφmsθm kfcφmsθm
−kfsφm

−kfsφm
−kfsφm

−kfsφm

kfcφm
cθm kfcφm

cθm kfcφm
cθm kfcφm

cθm

 (8)

τm =

 −kmcθmsφm dkfcθmcφm + kmcθmsφm −kmcθmsφm −dkfcθmcφm + kmcθmsφm

−dkfcφmcθm + kmsφm −kmsφm dkfcφmcθm + kmsφm −kmsφm

−dkfsφm
− kmcφm

cθm −dkfcφm
sθm + kmcφm

cθm dkfsφm
− kmcφm

cθm dkfcφm
sθm + kmcφm

cθm

 (9)

B. Dynamic Equation of Motion

Exploiting the common Newton-Euler approach, we start
with defining the forces and torques acting on the platform.
We assume the following simplified model of a propeller:{

fPi
= (0 0 kf w̄i|w̄i|)T , kf > 0,

mPi
= (0 0 − kmw̄i|w̄i|)T , km > 0,

(2)

in which the produced thrust fPi
and the reaction moment

mPi
are proportional to the signed square spinning velocity

of the rotor wi = w̄i|w̄i|, i = 1 . . . 4 with factors kf
and −km, respectively. Although this approach does not
model any first- or second-order aerodynamic effects (e.g.,
the different thrust between the advancing and retreating
blades or blade flapping), as validated in [10], (2) accurately
captures the dynamics of a propeller. In addition we assume
that the actuators of the tilting mechanism have high gain
fast dynamics.

Hence, we can obtain the total propellers thrust BT ∈ R3

and torque Bτ ∈ R3 acting on the center of mass

BT =

4∑
i=1

BRPifPi
, (3)

Bτ =

4∑
i=1

BRPi
mPi

+

4∑
i=1

(
BOPi

× BRPi
fPi

)
, (4)

Substituting (3) and (4) to the Newton-Euler set of equations

RB
BT = m

p̈−
 0

0
−g

 ,

Bτ = IBω̇B + ωB × IBωB ,

(5)

yields the dynamic model of our system:[
p̈
ω̇B

]
=

[
g
c

]
+

[
1
mRB 0

0 I−1B

][ ∂ BT
∂w

∂ BT
∂ ωm

∂ Bτ
∂w

∂ Bτ
∂ ωm

][
w
ωm

]
=

[
g
c

]
+

[
1
mRB 0

0 I−1B

][
Fm 0
τm 0

][
w
ωm

]
= f + JR [Jm 0]

[
w
ωm

]
= f + J

[
w
ωm

]
, (6)

where m is the total mass of the platform, IB ∈ R3×3 is the
constant, diagonal and positive-definite inertia matrix, ωB =
(ωBx

ωBy
ωBz

)T is the angular velocity of the UAV in B,

f = [gT cT ]T = [(0 0 −g)T (−I−1B (ωB×IBωB))T ]T (7)

expresses the gravity force acting on the system and the
Coriolis term, [wT ωTm]T = [(w1 w2 w3 w4)T (φ̇m θ̇m)T ]T

is the control input of the system, and Fm = ∂BT
∂w , τm =

∂Bτ
∂w are given by equations (8) and (9) respectively.

III. CONTROL

The system obtained in II-B constitutes a non-linear dy-
namic model, as detailed in [13], it is always possible to
statically feedback linearize such a system if the Jacobian
matrix

J =

[
1
mRB 0

0 I−1B

] [
Fm 0
τm 0

]
=

[
1
mRBFm 0

I−1B τm 0

]
∈ R6×6 (10)

is invertible. Because of the two rightmost null columns of J ,
corresponding to the input ωm, this condition is not satisfied.
Thus, we seek to invert the system at a higher differential
order. Derivation of (6) with respect to time gives[ ...
p
ω̈B

]
= ḟ + J̇RJmw + JRJ̇mw + JRJmẇ

=

[
1
mṘBFmw

ċ

]
+ JR

[
∂Fm

∂φm
w ∂Fm

∂θm
w

∂τm

∂φm
w ∂τm

∂θm
w

]
+ JRJmẇ

=JR

[
Fm

∂Fm

∂φm
w ∂Fm

∂θm
w

τm
∂τm

∂φm
w ∂τm

∂θm
w

] [
ẇ
ωm

]
+

[
1
mṘBFmw

ċ

]
=J?

[
ẇ
ωm

]
+

[
1
mṘBFmw

ċ

]
, (11)

where w becomes an internal state of the system, and ṘB =
[ωB ]×RB , [ωB ]× ∈ so(3).

The system (11) can be feedback linearized with a refer-
ence input [

...
pTr ω̇

T
r ]T by means of the law[

ẇ
ωm

]
= J?

−1
([...
pr
ω̇r

]
−
[

1
mṘBFmw

ċ

])
, (12)

which has a solution if ρJ? = rank(J?) = 6, e.i.,

det(J?) = 8d2k5fkmc
2
φm
cθm

· (w1 + w2 + w3 + w4)2 6= 0
(13)

Condition (13) is satisfied for φm, θm 6= ±π2 and wi >
0, i = 1 . . . 4, which is always fulfilled due to the mechan-
ical constrains of the platform (|φm|, |θm| < π

6 ) and the
assumption that during flight wi > 0, i = 1 . . . 4.

In order to validate the derived system we have designed
a classical linear trajectory tracking controller for position
...
pr =

...
pd+Kp1(p̈d−p̈)+Kp2(ṗd−ṗ)+Kp3(pd−p), (14)
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Fig. 4. Results of the first simulation (lateral motion). Top-left: position of the UAV; top-right: orientation of the tilting mechanism; bottom-left: orientation
of the UAV; bottom-right: spinning velocities of the propellers.

time [s]

0 2 4 6 8 10

p
o
s
it
io

n
 [
m

]

-2

-1

0

1

2
px
py
pz

time [s]

0 2 4 6 8 10m
e
c
h
a
n
is

m
 o

ri
e
n
ta

ti
o
n
 [
d
e
g
]

-15

-10

-5

0

5

10

15

φm

θm

time [s]

0 2 4 6 8 10

b
o
d
y
 o

ri
e
n
ta

ti
o
n
 [
d
e
g
]

-10

-5

0

5

10

φB

θB
ψB

time [s]

0 2 4 6 8 10

s
p
in

n
in

g
 v

e
lo

c
it
y
 [
ra

d
/s

]

300

350

400

450

w1 w2 w3 w4

Fig. 5. Results of the second simulation (hovering with non-zero orientation). Top-left: position of the UAV; top-right: orientation of the tilting mechanism;
bottom-left: orientation of the UAV; bottom-right: spinning velocities of the propellers.

and orientation

ω̈r = ω̈d+Kω1(ω̇d−ω̇B)+Kω2(ωd−ωB)+Kω3eR, (15)

where the orientation error eR is defined as

eR =
1

2

[
RT
BRd −RT

dRB

]
∨
, (16)

with [·]∨ being the inverse map from so(3) to R3.
Controllers in (14) and (15) ensure [13] an exponential

convergence of the tracking error to 0 if the gain matrices
Kp1 , Kp2 , Kp3 , Kω1

, Kω2
, Kω3

assure a proper pole
placement. The control problem is now defined as an output
tracking problem given the desired trajectory in position pd,
orientation Rd, and their derivatives.

It is necessary, however, to estimate the platform position
p and orientation RB , linear and angular velocities, ṗ and
ωB , and linear and angular accelerations, p̈ and ω̇B . Be-
cause of the differentiation needed for the dynamic feedback
linearization of the model, the actual control inputs w, must
be numerically integrated from the output of system (12),
e.i, ẇ.

IV. SIMULATIONS

In order to validate the model and controller, we have
performed numerical simulations of the system in closed
loop. In particular, we have tested the ability to perform
motions that are not feasible with a normal quadrotor, such as
pure translational lateral motion and hovering with non-zero
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Fig. 6. Results of the third simulation (complex motion). Top-left: position of the UAV; top-right: orientation of the tilting mechanism; bottom-left:
orientation of the UAV; bottom-right: spinning velocities of the propellers.

roll and pitch angles.
The trajectory controller designed in Sec. III requires

a trajectory defined in position and its derivatives up to
the third order (snap). Therefore, the reference trajectories
are computed using a fifth-order spline interpolation which
generates a smooth trajectory based on the 6D starting and
ending point.

For all of the presented simulations we used the following
values of the platform parameters: m = 1 kg,

IB =

0.015 kg ·m2 0 0
0 0.015 kg ·m2 0
0 0 0.025 kg ·m2

 ,
kf = 1.6 · 10−5, km = 2.5 · 10−7, d = 0.3m. The gains
of the linear feedback controllers, (14) and (15), were set to
Kp1 = Kω1

= 30I3, Kp2 = Kω2
= 600I3, and Kp3 =

Kω3 = 900I3, where I3 is the 3× 3 identity matrix.
Here, we have selected three simulations in which the UAV

performs maneuvers which are not feasible with a classical
quadrotor.

1) Lateral motion: Figure 4 shows the simulation of a
lateral motion with null orientation of the UAV. The desired
trajectory is defined as three points such that the platform
moves first 5m along the XW direction, then 5m along
the YW direction, and lastly go back to the initial position
p0 = (0 0 0)T m while maintaining the orientation φB ,
θB , ψB = 0◦. As expected, the roll and pitch angles of the
mechanism, φm and θm respectively, behave as if they were
the roll and pitch angles of a classical quadrotor, thus the
body orientation can remain constant. The fluctuation of the
spinning velocities wi, ∈ 1 . . . 4, compensates the additional
effects imposed by the movement of the tilting mechanism.

2) Hovering with non-zero orientation: In the second
simulation, whose results are shown in Fig. 5, the platform
is set to hover in place (pd = (0 0 0)T ) while the UAV

orientation angles, φB , θB and ψB , are controlled. The
angles, initially at φB , θB , ψB = 0◦ are in turn brought
first to 10◦ and then back to 0◦. The change of roll and
pitch of the UAV results in a symmetric behavior of the
tilting mechanism in order to compensate them. Instead, by
analogy with the classical system, the yaw angle ψB can be
controlled independently through the input w.

3) Complex motion: In the third simulation, Fig. 6, we
present a point to point trajectory in which both the position
and orientation of the platform, are being changed. It shows
that the pitch angle of the body θB can be set to a negative
value during forward motion (and vice versa) which is not
possible for a standard quadrotor.

Remark: The tilt angles of the mechanism, φm and
θm, depend on the desired lateral acceleration, as seen in
simulation 1), and UAV orientation, φB and θB , simulation
2). Hence, their limit due to the mechanical constraints limits
also the feasible motion. For example, it is not possible to
hover with any φB > max(φm) = π

6 . A more rigorous
discussion is left for future works.

V. CONCLUSIONS

One of the main drawbacks of quadrotors is their underac-
tuation, which causes two rotational degrees of freedom to be
strongly coupled with the translational degrees of freedom.
In this paper, we have presented a novel design of a fully
actuated quadrotor with tilting propellers. After deriving the
dynamical model of the platform, we have shown that it
can be feedback linearized in order to design an appropriate
control law. Simulations highlight the 6 DOFs capabilities of
the platform.

Currently, we are in the process of validating our model
and controller with a physical simulator to finalize the design.
When the design is finalized, we plan to build the platform
and test its capabilities. From the theoretical point of view,



we want to study the set of feasible configurations in terms
of dynamic velocity and acceleration limits that can be taken
into account in the trajectory planning phase.
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